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We consider a piecewise linear second order ordinary differential equation which 
is topologically equivalent to the sine-Gordon equation. The system is subjected to 
a time harmonic disturbance and the behavior of the periodic solutions is examined. 
It is shown that subharmonic motions with period n times that of the disturbance 
appear via saddle-node bifurcations for all n= 1,2,3,.... These motions then 
undergo period-doubling or pitchfork bifurcations as parameters are varied beyond 
the saddle-node bifurcation values. The limit n * a~ is considered and is compared 
with a Melnikov calculation for the system. Due to the piecewise linear nature of 
the system no approximations are necessary and thus the results are valid for “non- 
small” parameter values. Furthermore, this provides an answer to the uniformity 
question in the study of stability of subharmonics. $3 1986 Academic PICSS, IW. 
1. INTRODUCTION 
The dynamics of the simple pendulum and of Josephson junctions 
provide physical examples in which the unperturbed cylindrical phase 
space has a saddle point with two associated homoclinic orbits which 
enclose a center. Typically a trigonometric sine or cosine function is used in 
the mathematical description of such a system and in fact is derivable from 
simple mechanics for the pendulum. In this paper we construct a 
topologically equivalent unperturbed system using a linear equation and a 
suitable modification of the phase space and then consider the effects of 
damping and time harmonic excitation. 
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+ Partially supported by DARPA. 
304 
0022-0396/86 $3.00 
<‘opyraghl ((‘r IYX6 hy Academic Press. Inc. 
All rlghls of reproduction m any form reserved 
BIFURCATIONS OF SUBHARMONICS 305 
FIG. 1.1. The unperturbed phase portrait. 
The following equation and identification provide the basic system to 
which dissipation and a time-periodic disturbance (i.e., forcing) will be 
added :
T-x=0, 1x1 < 1, (l.la) 
(x,i.)+(-x,i), 1x1 = 1. (l.lb) 
The linear equation (l.la) is mapped onto the cylinder by the identification 
(l.lb). The phase portrait for this system is shown in Fig. 1.1. Note that the 
edges of the phase space at 1x1 = 1 are joined together to form the cylin- 
drical phase space. This system has the structure of the sine-Gordon 
equation with the saddle point at x = 0 and the center at 1x1 = 1. Trajec- 
tories are continuous but not smooth at 1x1 = 1. 
When a linear dissipation term and forcing are added to the system the 
equations are 
2 + 2ali- x = p cos( ot), I4 < 1, (1.2a) 
(x,-ct)+(-x,kt), 1x1 = 1. (1.2b) 
The explicit solution of Eq. (1.2a) is readily obtained and is exploited in the 
paper. 
In recent years, extensive numerical studies have been reported in con- 
nection with the sine-Gordon equation; see, for example, [3, 7, 123. 
However, there do not seem to be many theoretical results on the secon- 
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dary bifurcations from the subharmonic bifurcations. In this note, we prove 
rigorously that such bifurcations actually occur for certain subharmonics of 
Eq. (1.2) (see Section 4). In fact, secondary bifurcations have to be either 
period-doubling bifurcations or pitchfork bifurcations. This fits nicely with 
the numerical studies and shows where Feigenbaum bifurcations are 
created. 
In Greenspan and Holmes [S], Guckenheimer and Holmes [6] and 
Chow and Hale [l], the stability property of subharmonics of Duffing’s 
equation has been extensively studied. However, their results are local with 
respect o the size of the perturbation and the order of the subharmonics. 
By our results in Section 4, these local results are the best possible. In other 
words, Eq. (1.2) is an example in which uniformity with respect o the size 
of perturbation and the order of the subharmonic in stability analysis is 
invalid. 
Geometrical constructions of parametrized mappings in the plane near 
homoclinic bifurctions indicate that these secondary (and other) bifur- 
cations must occur for long period motions. This is so since the resulting 
unstable motions form part of the invariant set, including horseshoes, 
created as stable and unstable manifolds intersect. See the discussion of the 
work of Gavrilov and Silnikov in [S] or [6] (Section 6.6) and in the 
references cited therein. 
2. POINCARB MAP 
Consider the following equation: 
R=y 
j + 2ay - x = fl cos(wfj), I4 < 1 
6% Y9 4) -+ (-x3 Y, $1, 1x1 = 1 (2.1) 
fj= 1, o( ‘w”>. mod - 
This is equivalent to (1.2) and is autonomous with phase space S x R x S, 
where S is the unit circle. For (u, u, 4) E S x R x S, let x(t; u, u, #), 
y(t; U, u, d), denote the unique solution of (2.1) through (u, u, 4) at t = 0. 
Let 
Note that C is 2-dimensional and is transversal to the flow given by 
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Eq. (2.1). For simplicity, elements in Z will be denoted by (u, 4) with u > 0, 
q5 E S. Let (u, 4) E C, define 
i.e., z(u, 4) is the first return time to the surface A’. We may now define our 
Poincare map P associated with Z by 
p(u, 4) = Mdu, 4); - 1,~~ 41, ~(u,4) (mod T)), T=12 0’ (2.2) 
We note that the Poincare map defined by (2.2) is not the usual period 
map associated with the periodic system (2.1). In [ 15, 161, similar Poincare 
maps have been used to study bifurcation problems. 
In the usual time T Poincart map one must consider n iterates of the 
map to study a motion of period nT. In contrast, the map P can capture 
certain long period motions in a single iterate. This allows a detailed study 
of long period motions to be carried out. 
Consideration of the solution of Eq. (1.2) shows that the transition times 
at which /xl= 1 involve transcendental equations. Thus the mapping P 
cannot be obtained in closed form. However, as will be shown below, con- 
ditions for certain periodic motions and their stability can be written down 
and solved in closed form. This is due to the piecewise linear structure of 
Eq. (2.1). 
Equation (2.1) has a unique periodic solution given by 




q = [( 1 + a*)* + (2ao)2]“2, tW=( m(1~~2J. 
This orbit is a saddle-type orbit and reduces to the saddle point at x = 0 
when /I = 0. For y < 1 (p < q) this orbit lies in 1x1 < 1 and is not affected by 
the identification in (2.1), nor does it intersect 2. Since (2.1) is linear in 
1x1 < 1 this is the only periodic motion which can exist that will not be cap- 
tured by the Poincare map P. However, as will be shown in Section 5, its 
stable and unstable manifolds will intersect C and play an important role 
in the birth of long period motions. 
3. EXISTENCE OF SUBHARMONICS 
In this note, we will consider only two types of periodic orbits which can 
be defined as follows: (T = 271/o). 
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FIG. 3.1. (a) Type (I) periodic orbit. (b) Type (II) periodic orbit. 
DEFINITION 3.1. A solution of (2.1) through (u, q5)~C, (x(t; - 1, u, c#), 
v(t; - 1, u, 4)) is an nT-periodic orbit of type (I), n = 1, 2,..., if 
x(b+nT;-1, u, fj)= 1 (3.1) 
y((b+nT; -1,u,4)=u (3.2) 
144 + t; - 1, u,4)I < 1, O<t<nT. (3.3) 
It is an nT-periodic orbit of type (II) if it is T/2-periodic, symmetric with 
respect to the y-axis and satisfies: 
x(4+nT/2;-1, -u,q5)= 1 (3.4) 
y(qb+nT/2; -1, -u,d)=u (3.5) 
1x(4+ t; - 1, -u, i)l < 1, 0~ t<nT/Z (3.6) 
Periodic orbits of type (I) and type (II) are depicted in Fig. 3.1. Note 
that type (I) orbits exist in pairs due to symmetry. For the pendulum these 
correspond to motions which rotate through the vertical upright position, 
one clockwise and the other counterclockwise. 
THEOREM 3.2. A solution of (2.1) through (y,, Q,)EZ is an nT-periodic 
orbit of type (I) if and only if (y,, 4,) satisfies 
H2yi - 2AHy, + (A’ + 02z2 - y2m2H2) = 0, (3.7) 
where 
H = cosh(nTQ) - cosh(nTa), Q = ,/m, 
n = A sinh(nTQ), 
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I=% sinh(nTQ) - sinh(nTa), 
P 
y = ((1 + lx*)* + (2crw)‘)“*’ 
Proof Let A = - 1 - y cos(w4, + +) and B = (y, + yo sin(od, + $) + 
aA)/Q, where tan $ = 2cxx/( 1 + w’). It is not difficult to see that 
x(t; -l,yn,A)=e- ‘(‘- Bn)[A cosh(Q(t - 4,)) 
+ B sinh(Q(t - 4,))] + y cos(wt + $). (3.8) 
Using (3.8) and its time derivative, conditions (3.1) and (3.2) can be writ- 
ten down and rearranged to obtain 
1 + ePnTa: 
[ 
cosh(nTS2) +i sinh(nZX2) 1 - eenTa sinh(nTQ) $ 
=ycos(c+,,++){l-e-““[cosh(nTn)+%sinh(~Xt)]} 
YW + - sin(od, + $) sinh(nTS2) emaTa 
D 
and 
y.{l-e-q cosh(nTS2) -% sinh(nTQ) 11 
e--nTo! 
+ 7 sinh(nTQ) 
= yo sin(od,, + Ic/) - 1 + ePnTM cosh(nTS2) -% sinh(nTS2) 11 
-i cos(od,, + Ic/) eenTa sinh(nTQ). 
The above equations are linear in sin(od, + $) and cos(od, + IJ) and can 
be solved to obtain 
cos(oq5, + II/) = $. 
Equation (3.7) is obtained from the identity sin*(c$, + $) + 
cos*(o~, + +) = 1. This completes the proof. 
Equation (3.7) says that either there are no solutions or there are at most 
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two solutions since y, must be real. The following corollary relates saddle- 
node bifurcations to the parameters in Eq. (2.1). 
COROLLARY 3.3. Equation (2.1) has a distinct pair of nT-periodic orbits 
of type (I) {f and only if the parameters satisfy the equation 
p=z tl sinh(nTQ)-SZ sinh(nTcl) =q k , 
52 cosh(nTQ) - cosh(nTa) I /I 
(3.9) 
where 
q = [( 1 + co*)2 + (2cW#] 1’2. 
Recall that if two real roots exist for Eq. (3.7) there exist four 
corresponding periodic motions due to symmetry. 
Note that no restriction has been placed on n and the limit as n --f co is 
of interest since it gives a condition at which non-periodic motions arise. 
This limit yields 
In Section 5, we compare this result with a Melnikov calculation and show 
that a tangency of stable and unstable manifolds of the periodic 
solution (2.3) occurs precisely when the parameters atisfy Eq. (3.10). 
For periodic orbits of type (II), we have the following theorem. Since its 
proof is similar to the proof of Theorem 3.2, we omit it. Due to the sym- 
metry of such orbits, only odd order subharmonics exist. 
THEOREM 3.4. A solution of (2.1) through (y,, 4,) E Z is an nT-periodic 
orbit of type (II) if and only if (y,, 4,) satisfies the equation 
J2y; - 2LJy, + (L* + w*K* - y2w2J2) = 0, (3.11) 
where 
J=cosh (y)+cosh (y), Q=,/s, 
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COROLLARY 3.5. Equation (2.1) has a unique nT-periodic orbit of 
type (II) if and only if 
P=q $7 1 I (3.12) 
where q = [ (1 + 02)2 + (~cYw)~] 1’2 and K and J are as in Theorem 3.4. 
For Eq. (3.12), the limit as n --) 00 is given by 
(3.13) 
which is the same as Eq. (3.10). This is examined in Section 5. 
4. STABILITY AND SECONDARY BIFURCATIONS 
To determine the stability property of an nT-periodic solution of (2.1) of 
either type (I) or type (II), we will compute the eigenvalues of the Poincart 
map P at a fixed point. Let (u,,, do) EC. Since we are not able to obtain an 
explicit formula for P(u,, &,), we will compute its derivative via some 
implicit equations. Let (u,, 4i) = P(u,, b,,) and t, = r(ue, &,) + #,-,. Note 
that 4, = t, (mod T). By definition, 
x(t,; - 1, ViJ, 40) = 1, 
Y(t* > - 1, vo, 40) = 01. 
Differentiation with respect o uo, do gives (see (3.8)) 
at, e -Q-(h - o) 
ig= Lb, CWuo cosW’(t, -do)) 
+ (au0 + a,) sinh(Q(t, - 40))l, 
at, -1 -z-e 
au0 QV, -cr(‘l-~O) sinh(D(t, -do)), 
where a, = 1 - 2av, + /? cos(w4,). Similarly, we have 
av, e - a(0 - 40) 
z&= i-h, CWvoal - ulao) cosh(Q(tl - 40)) 
+ taoal - vovl + Nvoal + soul)) sWQ(t, -do))l, 
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- (al + au11 sWQ(t, - h))l, 
where a, = - 1 - Zctv, + /I cos(wt, ). This gives the following. 
PROPOSITION 4.1. The determinant and trace of DP(v,, qJ,) are, respec- 
tively, 
D = det DP(u,, q$,) = e-2aC’1-6a)z, (4.1) 
T= Tr DP(v,, (6,) 
,-~c~l-,o) 
= Qv, C(vo + ~1) Q cosUQ(t, -&cd) 
+ ((a0 - alI + a(vo - vl)) sinh(Q(tl - hJ)l. (4.2) 
Suppose x(t; - 1, vO, &) is an nT-periodic solution of (2.1) of type (I). 
Then t,--q&=nT, u,=v,,, c$,=&, and a,-a,=2. Thus, (4.1) and (4.2) 
yield 
D =,-2a”T, (4.3) 
T= 2eCanT 
szy [Qy, cosh(&zT) - sinh(L?nT)], (4.4) 
” 
where u,, = yn satisfies Eq. (3.7). 
Note that D < 1 for a > 0. It is not difficult to see that an nT-periodic 
solution of type (I) can lose its stability only by either a saddle-node bifur- 
cation or a period-doubling bifurcation, i.e., by DP(v,, 4,) having an eigen- 
value + 1 or - 1. In terms of D and T, this is equivalent to 
lTT+D=O. (4.5) 
A routine calculation yields the following 
THEOREM 4.2. Let x(t; - 1, v,, 4,) be an nT-periodic solution of (2.1) of 
type (I). Then we have: (a) A = 1 is an eigenvalue of DP(u,, 4,) if and only if 
Eq. (3.9) is satisfied. (b) Iz = - 1 is an eigenvalue ofDP(v,, 4,) ifand only if 
where M= cosh(nTa)/(cosh(nTQ) + cosh(nTa)). 
Note that the surface (4.6) in the awp-space is above, in the B-direction, 
the surface (3.9) as expected. In Figs. 4.1 and 4.2, we show /I in plots versus 





FIG. 4.1. Saddle-node and period-doubling bifurcation curves for type (I) orbits, fi vs (x, 




FIG. 4.2. Saddle-node and period-doubling bifurcation curves for type (I) orbits, [I vs w, 
a=O.l. 
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r and o, respectively, for these transition curves. It is observed that for n 
values as small as 3, for period-doubling bifurcation curves are extremely 
close to the saddle-node bifurcation curves. In fact, they become exponen- 
tially close as n -+ 03 and the limits as n -+ cc are identical to (3.13). This 
implies that the long period sinks born via the saddle-node bifurcations 
almost immediately lose their stability via a period-doubling bifurcation as 
parameters are varied. More discussion on this follows in Section 6. 
Although not verified, we expect these period doublings to be supercritical, 
thus resulting in stable period 2n motions. These typically period double 
again and again in the now classic Feigenbaum sequence [4]. Analysis of 
these bifurcations beyond the first period-doubling bifurcation requires 
numerical or approximate techniques. 
Stability analysis for an nT-periodic solutions of type (II) is more com- 
plicated since the orbit is composed from two linear pieces. To compute 
DP for such a motion the following implicit form of P is used. Let 
(u,,, to) E .& and 
-4t,; -l,uo, to)= -1 
i(t,; --l,~,,~o)=u, 
x(t,; 1, U,) t) = 1 
$2,; 1, u,, t,)=u,. 
Hence, P(u,, to) = (u,, t2 (mod T)). The calculation proceeds as that for 
type (I) orbits for each trajectory component. The two variations are then 
combined via the chain rule to obtain DP for type (II) orbits. To facilitate 
this calculation we do not compute the general form for DP but simply 
evaluate each individual component of the fixed point (y,, $,) and then 
compute the determinant and trace. The periodicity conditions used are 
t, -t,,= t,- t, =nTf2, 
ug= -u, =u2=yrrr 
d,, = 20. 
The results of this long calculation are 
D = det DP( y,, , qS,,) = e 2x“T, (4.7 
+ 4sinh’ 
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Again D < 1 for tl > 0 and thus no Hopf bifurcations occur for type (II) 
orbits and the nodes born in the saddle-node bifurcations are stable. The 
symmetry of these motions leads one to expect that the stable nodes will 
lose their stability via pitchfork (symmetric saddle-node) bifurcations 
rather than by period-doubling. This is verified by the following analysis. 
Using (4.7) and (4.8) the following quadratic in y,, for A= + 1 is obtained: 
YS2 cosh(nTct)-cash* (y)-sinhi( 
+4Qy,,sinh(F)cosh(F)-Zsinh’(T)=O. (4.9) 
Whenever roots of this quadratic intersect those of (3.11) for yn a L = + 1 
bifurcation occurs. One such common solution occurs for y, = L/J which is 
the saddle-node point. Another intersection exists at which point the 
pitchfork bifurcation occurs. Although we have not computed the higher 
order terms to rigorously verify this, we conjecture that this bifurcation is 
supercritical and a pair of antisymmetric stable motions arise from this 
P 
- 0.5 -0.25 0.0 0.25 0.5 
a 
FIG. 4.3. Saddle-node and pitchfork bifurcation curves for type (II) orbits, /I vs LX, w = 2.0. 
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0.0 6 
0.0 2.0 4.0 
w 
FIG. 4.4. Saddle-node and pitchfork bifurcation curves for type (II) orbits, b vs o, c( = 0.1. 
instability. The A= + 1 pitchfork condition is determined by substituting 
the corresponding y,, into (4.9) and solving for the critical value of /? 
(4.10) 
where N = cosh(nTg/2)/cosh(nTQ/2) - cosh(nTct/2). The limit n + co gives 
(3.13) and thus for large n (the convergence is exponential) the stable nodes 
undergo pitchfork bifurcations very soon after appearing. In Figs. 4.3 and 
4.4 we show fi vs c1 and w for various n including the limiting cases, as 
n-+03. 
THEOREM 4.3. Let x( t; - 1, y,, 4,,) be an nT-periodic solution of (2.1) of 
type (II). Then (a) (y,, 4,) EC has a saddle-node bzfurcation if and only [f 
Eq.(3.12) is satisfied; (b) (y,, 4,) EC has a pitchfork b$rcation if and only 
if Eq. (4.10) is satisfied. 
We note that it is expected, however, that the antisymmetric motions 
born in the pitchfork bifurcations will undergo period-doubling sequences 
as /II is increased. See Shaw [ 151 for digital simulations of a symmetric 
piecewise linear system which exhibits this behavior. 
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5. MELNIKOV ANALYSIS 
The following computation follows the ideas of Rand [ 133. A usual 
Melnikov analysis involves perturbations of homoclinic or heteroclinic 
orbits and a first order calculation of the separation of the stable and 
unstable manifolds [6]. The piecewise linear nature of this problem allows 
an exact separation formulation to be developed for the stable and unstable 
manifolds at time t of (2, J) denoted by W;, WY. Note that for ~1, p= 0 this 
system has a pair of homoclinic orbits for the origin and that the periodic 
orbit(2, j) is the continuation of the origin for b # 0 and is thus a saddle- 
type orbit. This can also be seen by direct observation of the linear solution 
given by Eq. (2.3). 
For W; n C # @ (see Fig. 5.1) we need to find those points which start at 
( - 1, y,, to) and approach (X, J, I) as t + 00. It will be convenient to write 
the solution of Eq. (2.1) based at ( + 1, yO, to) as 
x(2; fl,y,, tO)=Cles~(‘-‘o)+C,eS2(‘-‘0’+ycos(ot+~), (5.1) 
where sl= -cr+Q(>O), s2= -a-Q(<O), C1=(y,+yws,+s,(yc,T1)/ 
29, C,=(-s,(yc,fl)--y,-yyos,)/252, s,=sin(ot,+$), and cO= 
COS(OZ, + $). Obviously for (- 1, y,, to) E W; we have C, = 0. Evaluating 
x(to; - 1, y,, to)= - 1 with C, =0 forces C2= - 1 -yc, and gives 
4ro; - 1, y,, to) =y”(to) = s2( - 1 - yc,) - yws,. Thus we have 
W;nC={(x,y,t):Ixl=l,y=s,(-1---co)--yws,,t=t,}. (5-Z) 
For W; n .Z # @, we need those points which start at (+ 1, y,, to) and 
approach (a, 3, t) as t + -co. Here for (+ 1, y,, t,)~ WY we have C2 =0 
and evaluating x(t,; + 1, y,, to) = + 1 with C2 = 0 gives C1 = 1 - yc,. Then 
I(t,; +l,y,, to)=yU(to)=s,(l --ycO)-yw~, and 
W:nZ= {(x,y, 1): JxI= l,y=s,(l -yc,)-yws,, t= to}. 
FIG. 5.1. The periodic orbit (i)?, j) and its stable and unstable manifolds. 
505/65/3-3 
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The separation between W; and c at (xl = 1 is defined as A(&) and is 
given by 
A( to) = y”( to) - y”( to) = 2(a + yQ cos(ot, + +)). 
A(&) oscillates about a value of 2a with an amplitude of 2yQ. Thus for 
CI > $2 A(t,) remains positive and no intersections of WY and W; occur. For 
a = ysZ, or equivalently p = qa/,/s a tangency occurs between WF and 
WT. For /I > crqlJ= WY and W; intersect transversally and thus hor- 
seshoes exist along with all of the associated complicated dynamics [6]. 
It has been demonstrated that the homoclinic tangency points provide 
the associated accumulation values for the saddle-node bifurcation as 
n + co. This has been shown in first order calculations for Duffrng’s 
equation by Chow et al. [2] and Greenspan and Holmes [S]. In contrast 
the calculations for our system involve no approximation. The long period 
sinks are precisely those predicted by Newhouse [lo] near points of 
homoclinic tangency. As shown in the previous section, these sinks nearly 
immediately lose their stability when n is large. Thus, for fixed parameters, 
there are only finitely many such sinks. On the other hand, Newhouse [ 111 
(see also Robinson [14]) proved that there are infinitely many sinks for 
parameters near the curve (5.3) below. We conjecture that these are sub- 
harmonic sinks that wind around the cylinder more than once. We also 
note that for real analytic systems, there are at most finitely many subhar- 
monies (stable or unstable) of a fixed order [9]. In [S], linking numbers 
and subharmonics are studied. These results together with our results form 
the basis of our conjecture. 
In summary, we have the following. 
THEOREM 5.1. Let Wf and WY be the stable and unstable manifolds of the 
periodic orbit given by (2.3) of Eq. (2.1). Then (a) W; and WY intersect 
transversely if and only if 
(b) W; and WY intersect with a non-degenerate tangency if and only if 
B=$=& (5.3) 
6. DISCUSSION 
The rate of convergence of the saddle-node bifurcations onto the 
homoclinic bifurcation as n + co is geometric and is governed by the 
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unstable eigenvalue of the saddle orbit [6, Sect. 6.61. For n large we can 
compute the separation of the saddle-node and homoclinic bifurcations 
using Eqs. (3.9) (3.12) and (3.13): 
and 
for types (I) and (II) orbits, respectively, where fl,, are the saddle-node 
bifurcation values. Since Q > a, the saddle-node bifurcations for type (I) 
orbits accumulate from below (in /.I) onto the homoclinic bifurcation while 
those for type (II) orbits accumulate from above. Also, from Section 5, the 
unstable eigenvalue of the saddle orbit (a, jj) is (Q - a); thus the geometric 
convergence rate is given by (en7)(a-n). 
The “windows of stability” for long period motions are also easily com- 
puted from Eqs. (3.9) and (4.6) for type (I) orbits and from Eqs. (3.12) and 
(4.10) for type (II) orbits. The results are, respectively, 
AlA 2q N px-“) al&o2 
where A/J refers to the width of the /I range over which a period nT motion 
is stable. It is interesting to note that the same exponents as in (6.1) appear 
doubled in these expressions. This agrees nicely with the Gavrilov-Silnikov 
results in [S]. Also, this implies that for n + cc the secondary bifurcations 
must occur before the next saddle-node orbit of period (n + 1) T appears, 
thus allowing only a finite number of stable subharmonics of types (I) or 
(II) to coexist at any one set of parameter values. 
The main feature of this work is that it provides an example for which 
one can explicitly compute certain bifurcation conditions. In other exam- 
ples these can be computed only to first order or argued qualitatively. 
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